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Let X C R% be a Borel set, e € S1. Let P, : R? — R,
P.(z) = e- z be the orthogonal projection map.
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Motivation

Let X C R% be a Borel set, e € S1. Let P, : R? — R,
P.(z) = e- z be the orthogonal projection map.

What is the relation between the size of P.(X) and the size of
X?
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Motivation

Let X C R% be a Borel set, e € S1. Let P, : R? — R,
P.(z) = e- z be the orthogonal projection map.

What is the relation between the size of P.(X) and the size of
X?

P. is Lipschitz, therefore dimy P.(X) < min{dimy X, 1}
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Let X C R% be a Borel set, e € S1. Let P, : R? — R,
P.(z) = e- x be the orthogonal projection map.

What is the relation between the size of P.(X) and the size of
X?

P. is Lipschitz, therefore dimy P.(X) < min{dimy X, 1}

Theorem (Marstrand’s projection theorem)

For any Borel set X C R¢ and almost all directions e € 471,
dimy P(X) = min{dimy X, 1}.
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Let X C R% be a Borel set, e € S1. Let P, : R? — R,
P.(z) = e- x be the orthogonal projection map.

What is the relation between the size of P.(X) and the size of
X?

P. is Lipschitz, therefore dimy P.(X) < min{dimy X, 1}

Theorem (Marstrand’s projection theorem)

For any Borel set X C R¢ and almost all directions e € 471,
dimy P(X) = min{dimy X, 1}.

Almost all means that

£d—1({€ e 81 . dimy P.(X) < min{dimy X, 1}}) =o0.
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Let X C R% be a Borel set, e € S1. Let P, : R? — R,
P.(z) = e- x be the orthogonal projection map.

What is the relation between the size of P.(X) and the size of
X?

P. is Lipschitz, therefore dimy P.(X) < min{dimy X, 1}

Theorem (Marstrand’s projection theorem)

For any Borel set X C R¢ and almost all directions e € 471,
dimy P(X) = min{dimy X, 1}.

We want to study for « € [0, min{dimy X, 1}],
dimy{e € 5471 : dimy Po(X) < u}.
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A few bounds

Set X C R?, dimy X < 1 and let u € [0, dimy X].
The first bound by Kaufman '68:
dimp{e € S : dimy Pe(X) < u} < u,

which is sharp when u = dimy X.
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A few bounds

Set X C R?, dimy X < 1 and let u € [0, dimy X].
The first bound by Kaufman '68:
dimp{e € S : dimy Pe(X) < u} < u,
which is sharp when v = dimy X.
Bourgain “10 and Oberlin “12 proved that
dimy{e € S : dimy Po(X) < dimy X/2} = 0.
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A few bounds

Set X C R?, dimy X < 1 and let u € [0, dimy X].
The first bound by Kaufman '68:
dimp{e € S : dimy Pe(X) < u} < u,
which is sharp when v = dimy X.
Bourgain “10 and Oberlin “12 proved that
dimy{e € S : dimy Po(X) < dimy X/2} = 0.

dimy X

dimy X/2 dimy X
u
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A few bounds

Set X C R?, dimy X < 1 and let u € [0, dimy X].
The first bound by Kaufman '68:
dimp{e € S : dimy Pe(X) < u} < u,
which is sharp when v = dimy X.
Bourgain “10 and Oberlin “12 proved that
dimy{e € S : dimy Po(X) < dimy X/2} = 0.

dimy X .
min{0, 2u — dimy X}
Conjectured by Oberlin
Proved by Ren-Wang 23
ol
dimy X/2 dimy X

u
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The Fourier dimension

Given X C R4 recall

dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd
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The Fourier dimension

Given X C R4 recall

dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd

dimp X = sup {s € [0, d] : Iu finite on X with sup |fi(2)|*|2I* < oo}
2€R4

We always have dimp X < dimy X.
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The Fourier dimension

Given X C R4 recall
dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd
dimp X = sup {s € [0, d] : Iu finite on X with sup |fi(2)|*|2I* < oo}
2€R4

We always have dimp X < dimy X.

PE#/.L(T)
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The Fourier dimension

Given X C R4 recall
dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd

dimp X = sup {s € [0, d] : Iu finite on X with sup ‘ﬁ(z)|2|z\s < 0o}
2ER4

We always have dimp X < dimy X.

Pe#M(T) _ /R e—27rz'rPe($) du(:v) _ /R 6—27”' re -x d,u(zp)
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The Fourier dimension

Given X C R4 recall
dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd

dimp X = sup {s € [0, d] : Iu finite on X with sup ‘ﬁ(z)|2|z\s < 0o}
2ER4

We always have dimp X < dimy X.

Pe#M(T) :/Re—Qm'rPe(m) du(:v) :/Re—Qm(re)-z d,u(zp)
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The Fourier dimension

Given X C R4 recall
dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd

dimp X = sup {s € [0, d] : Iu finite on X with sup ‘ﬁ(z)|2|z\s < 0o}
2ER4

We always have dimp X < dimy X.

Popi(r) = [ 2P0 duta) = [ &3m0 du(a) = ).
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The Fourier dimension

Given X C R4 recall

dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd

dimp X = sup {s € [0, d] : Iu finite on X with sup ‘ﬁ(z)|2|z\s < 0o}
2ER4

We always have dimp X < dimy X.

Popi(r) = [ 2P0 duta) = [ &3m0 du(a) = ).

Then dimp P.(X) > min{1, dimp X} for all e € §%1.

Ana E. de Orellana Fourier analytic methods for orthogonal projections University of St Andrews



The Fourier dimension

Given X C R4 recall

dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd

dimp X = sup {s € [0, d] : Iu finite on X with sup ‘ﬁ(z)|2|z\s < 0o}
2ER4

We always have dimp X < dimy X.

Popi(r) = [ 2P0 duta) = [ &3m0 du(a) = ).

Then dimp P.(X) > min{1, dimp X} for all e € §%1. So if
dimy X < 1,

dimp X g dll’nF PE(X) g dimH PE(X) g dimH X,
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The Fourier dimension

Given X C R4 recall

dimy X = sup {s € [0,d] : 3u finite on X with / 17(2)2]4*~ % dz < oo};
Rd

dimp X = sup {s € [0, d] : Iu finite on X with sup ‘ﬁ(z)|2|z\s < 0o}
2ER4

We always have dimp X < dimy X.

Popi(r) = [ 2P0 duta) = [ &3m0 du(a) = ).

Then dimp P.(X) > min{1, dimp X} for all e € §%1. So if
dimy X < 1,

dimp X g dll’nF PE(X) g dimH PE(X) g dimH X,

and if dimp X = dimy X there are no exceptions.
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The Fourier dimension

Given X C R4 recall

dimp X = sup {s € [0, d] : I finite on X with sup |i(2)|*|2I° < oo}
2z€Rd

We always have dimp X < dimpy X.

—

Pop(n) = [ €277 du(a) = [ 2709 du(a) = f(re).
R R

Then dimp P.(X) > min{1, dimp X} for all e € §%1. So if

dimpy X < 1,

dimp X g dlmF Pe(X) g dimH PE(X) g dimH )(7

and if dimg X = dimy X there are no exceptions. Thus, if
u < dimp X,

{e€ S': dimy Po(X) < u} = @.
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The Fourier dimension

dimy X

dimy X/2 dimpy X
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The Fourier dimension

dimy X

dimp X dimpy X/2 dimpy X

U
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The Fourier dimension

dimy X

%)

dimy X/2 dimp X  dimy X
u
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The Fourier dimension

dimy X

%)

Ana E. de Orellana

dimy X/2  dimp X dimy X

U
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The Fourier dimension

dimy X

%]
0 <

dimy X/2  dimp X dimy X

U

Can we use the Fourier dimension to improve these bounds?
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Recall Ren-Wang's bound,

dimp{e € S : dimy Pe(X) < u} < max{0,2u — dimy X}.

Ana E. de Orellana Fourier analytic methods for orthogonal projections University of St Andrews



Recall Ren-Wang's bound,
dimp{e € S : dimy Pe(X) < u} < max{0,2u — dimy X}.

Example (A 'pointwise sharp’ example of RW)

Fix s € (0,1] and t € (s/2, s). There exists A C R? with
dimy A = s such that dimp{e € S' : dimy P.(X) < t} = 2t — s.
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Example (A 'pointwise sharp’ example of RW)
Fix s € (0,1] and t € (s/2, s). There exists A C R? with
dimy A = s such that dimy{e € S* : dimy P.(X) < t} =2t — s

Example (dimp X gives discontinuous bounds)
Fix s€ (0,1] and t € (s/2,s). Let A be the set from the
previous example and B with dimg B = dimy B = t. Then

- dimp(AU B) = t; dimy(AU B) = s.
- Ifu>t dimy{e € S' : dimy P.(AU B) < u} > 2t — s
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Example (A 'pointwise sharp’ example of RW)
Fix s € (0,1] and t € (s/2, s). There exists A C R? with
dimy A = s such that dimy{e € S* : dimy P.(X) < t} =2t — s

Example (dimp X gives discontinuous bounds)
Fix s€ (0,1] and t € (s/2,s). Let A be the set from the
previous example and B with dimg B = dimy B = t. Then

- dimp(AU B) = t; dimy(AU B) = s.
- Ifu>t dimy{e € S' : dimy P.(AU B) < u} > 2t — s

Dimension of the exceptional set of AU B
.
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Example (dimp X gives discontinuous bounds)
Fix s € (0,1] and t € (s/2,s). Let A be the set from the
previous example and B with dimg B = dimy B = t. Then

- dimp(AU B) =t dimy(AU B) = s
- Ifu >t dimy{e € S' : dimy P.(AU B) < u} > 2t — s

Dimension of the exceptional set of AU B
5 .
2t—s C=======
01
s/2 t &

The Fourier dimension alone is not sufficient to improve the
bounds
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Example (dimp X gives discontinuous bounds)
Fix s € (0,1] and t € (s/2,s). Let A be the set from the
previous example and B with dimg B = dimy B = t. Then

- dimp(AU B) =t dimy(AU B) = s
- Ifu >t dimy{e € S' : dimy P.(AU B) < u} > 2t — s

Dimension of the exceptional set of AU B

2t—s Ce=======

What conditions on Fourier decay give better bounds for the
dimension of the exceptional set?
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The Fourier spectrum

Given X C R%and 6 € (0, 1]

2 S
dim% X = sup {s € [0, d] : Fu finite on X with / ‘ﬁ(z)}§|z|5_ddz < oo}.
Rd
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The Fourier spectrum

Given X C R%and 6 € (0, 1]

2 S
dim% X = sup {s € [0, d] : Fu finite on X with / ‘ﬁ(z)}§|z|5_ddz < oo}.
Rd

=0 — sup ‘ﬁ(z)‘zlzﬁ < 00
2€R?
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The Fourier spectrum

Given X C R%and 6 € (0, 1]

2 S
dim% X = sup {s € [0, d] : Fu finite on X with / ‘ﬁ(z)}§|z|5_ddz < oo}.
Rd

=0 — sup ‘ﬁ(z)‘zlzﬁ < 00
2€R?

Some facts about the Fourier spectrum:
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The Fourier spectrum

Given X C R%and 6 € (0, 1]

2 S
dim% X = sup {s € [0, d] : Fu finite on X with / ‘ﬁ(z)}§|z|5_ddz < oo}.
Rd

=0 — sup ‘ﬁ(z)‘zlzﬁ < 00
2€R?

Some facts about the Fourier spectrum:

- dim% X = dimp X and dim}, X = dimy X.
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The Fourier spectrum

Given X C R%and 6 € (0, 1]

2 S
dim% X = sup {s € [0, d] : Fu finite on X with / ‘ﬁ(z)}§|z|@_ddz < oo}.
Rd

=0 — sup ‘ﬁ(z)‘zlzﬁ < 00
2€R?

Some facts about the Fourier spectrum:
- dim% X = dimp X and dim}, X = dimy X.
- For each 6 € [0,1], dimp X < dim% X < dimy X.
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The Fourier spectrum

Given X C R%and 6 € (0, 1]

2 S
dim% X = sup {s € [0, d] : Fu finite on X with / ‘ﬁ(z)}§|z|@_ddz < oo}.
Rd

=0 — sup ‘ﬁ(z)‘zlzﬁ < 00
2€R?

Some facts about the Fourier spectrum:
- dim% X = dimp X and dim}, X = dimy X.
- For each 6 € [0,1], dimp X < dim% X < dimy X.

- 0 — dim% X is continuous and non-decreasing.
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The Fourier spectrum
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The Fourier spectrum

Given X C R%and 4 € (0,1]

dim%X:sup{ [0, d] : Tp finite on XWIth/ 9|z| ddz<oo}.
6=0 — sup’p ‘|z|s<oo
2€R4

Some facts about the Fourier spectrum:
- dim% X = dimp X and dim}, X = dimy X.
- For each 6 € [0,1], dimp X < dim% X < dimy X.
- 0 — dim& X is continuous and non-decreasing.
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The Fourier spectrum

Given X C R%and 4 € (0,1]

dim%X:sup{ [0, d] : Tp finite on XWIth/ 9|z| ddz<oo}.
6=0 — sup’p ‘|z|s<oo
2€R4

Some facts about the Fourier spectrum:
- dim% X = dimp X and dim}, X = dimy X.
- For each 6 € [0,1], dimp X < dim% X < dimy X.
- 0 — dim& X is continuous and non-decreasing.
- For almost all e € $4°1, dim% P.(X) > min{1, dim% X}.
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The Fourier spectrum

Given X C R%and 4 € (0,1]

dim%X:sup{ [0, d] : Tp finite on XWIth/ 9|z| ddz<oo}.
6=0 — sup’p ‘|z|s<oo
2€R4

Some facts about the Fourier spectrum:
- dim% X = dimp X and dim}, X = dimy X.
- For each 6 € [0,1], dimp X < dim% X < dimy X.
- 0 — dim& X is continuous and non-decreasing.
- For almost all e € $4°1, dim% P.(X) > min{1, dim% X}.
- Forall e e %1, dim$ P.(X) > min{1, dim% X — (d— 1)8}.
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The Fourier spectrum

Some facts about the Fourier spectrum:
- dim) X = dimp X and dim}, X = dimy X.
- For each 6 € [0,1], dimp X < dim$ X < dimy X.
- 0 — dim& X is continuous and non-decreasing.
- For almost all e € §471, dim% P.(X) > min{1, dim% X}.
- Forall e € §%1, dim% P.(X) > min{1,dim% X — (d — 1)8}.

Theorem (Fraser-dO, 2024+)

Let X C R? be a Borel set. If u < suppc(o 1)(dimp X — (d — 1)6),
then

{ee §471: dimy Pe(X) < u} = @.
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Exceptional set estimates

Let X C RY, for u € [0, min{dimy X, 1}],
dimy{e € $471 : dimy Po(X) < u}
2u — dimpy X, ifd=2, (Ren-Wang '23);
<ed—2+u, if dimy X <1, (Mattila '15);
d—1—dimy X+ u, ifdimyX>1, (Peres-Schlag’00).
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Exceptional set estimates

Let X C RY, for u € [0, min{dimy X, 1}],
dimy{e € $471 : dimy Po(X) < u}
2u — dimpy X, ifd=2, (Ren-Wang '23);
<ed—2+u, if dimy X <1, (Mattila '15);
d—1—dimy X+ u, ifdimyX>1, (Peres-Schlag’00).

Theorem (Fraser-dO, 2024+)

Let X C R? be a Borel set. Then for all u € [0,1],
dimy{e € 8471 : dimy Pe(X) < u}

.9
— X
émax{o,d—l—l— inf UdImF}
0€(0,1] 0
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Exceptional set estimates

Let X C RY, for u € [0, min{dimy X, 1}],
dimy{e € $471 : dimy Po(X) < u}
2u — dimpy X, ifd=2, (Ren-Wang '23);
<ed—2+u, if dimy X <1, (Mattila '15);
d—1—dimy X+ u, ifdimyX>1, (Peres-Schlag'00).

Theorem (Fraser-dO, 2024+)

Let X C R? be a Borel set. Then for all u € [0,1],
dimy{e € 8471 : dimy Pe(X) < u}

.9
— X
émax{o,d—l—l— inf UdImF}
0€(0,1] 0
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Better estimates - R?

)
Given X C R?, for what 6 € [0,1] is 1 + “=2X < 94— dimy X?
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Better estimates - R?

)
Given X C R?, for what 6 € [0,1] is 1 + “=2X < 94— dimy X?

e dimy X
v 2
c 7 -
dimpy X R 1+t~
7 | s
// | //
y : dimy X -7
y | 2
dimy X |7 |
din !
|
|
|
|
|
0 + 0
1 1
2
0

We can improve Ren-Wang's bounds if dim% X intersects the

shaded region.
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Better estimates - Higher dimensions

)
Given X C R? for what 6 € [0,1]is d— 1+ ““5meX < g9 14

0
u—dimp

ord—1+M % g1 — dimp X+ w?
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Better estimates - Higher dimensions

0
Given X C R? for what 6 € [0,1]is d— 1+ ““5meX < g9 14
)
ord—1+=eX o g1 dimy X+ o?

[ e e > dimy X o
dimy X t=mmmmmmm s e -
/// 1 - ///
// //

wr’ ur’

0 0
1 1

0 0

We can improve Mattila's or Peres-Schlag's bounds if dim& X
intersects the shaded region.
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An example on R3

Let E,, Eg and E, be three middle (1 — 2«), (1 —25) and
(1 — 2v) Cantor sets, respectively. Define X = E, x Eg x E,.

a=1/58=1/10,v=1/15 a=1/3,8=1/4v=1/5
2 2
1 1
— Peres-Schlag —  Peres-Schlag
— Mattila — Mattila
—— Fraser-dO (0 = 1/2) —— Fraser-d0 (§ = 1/2)
0
dimy X ® 1
u u
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Exceptional set estimates

What more information does
dimy{e € 5471 : dimy Pe(X) < u}

J— 1 6
gmax{o,d—l—i— inf UdlmFX}
0€(0,1] 0

give?
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Example (dimp X gives discontinuous bounds)
Fix s € (0,1] and t € (s/2,s). Let A be the set from the
previous example and B with dimg B = dimy B = t. Then

- dimp(AU B) =t dimy(AU B) = s
- Ifu >t dimy{e € S' : dimy P.(AU B) < u} > 2t — s

Dimension of the exceptional set of AU B
5 .
2t—s Ce=======
01
s/2 t &
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Example (dimp X gives discontinuous bounds)
Fix s € (0,1] and t € (s/2,s). Let A be the set from the
previous example and B with dimg B = dimy B = t. Then

- dimp(AU B) =t dimy(AU B) = s
- Ifu >t dimy{e € S' : dimy P.(AU B) < u} > 2t — s

Dimension of the exceptional set of AU B

2t—s Ce=======

Under what conditions do we get continuity for the bound of
the dimension of the exceptional set at v = dimp X?
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Exceptional set estimates

dimy{e € 8971 : dimy Pe(X) < u}

— 3 9
gmax{O,d—l—i— inf UdImFX}
0€(0,1] 0
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Exceptional set estimates

dimy{e € 8971 : dimy Pe(X) < u}

— 3 9
< max{O, d—1+4 inf UdImFX}
0€(0,1] 0
We ask for continuity of the bound at v = dimp X, lete € (0,1),
dimy{e € 8471 : dimy Pe(X) < dimp X 4 £°}

- 2 i 0
<d—14 inf dimp X 4 &* — dimp X
0e(0,1] 0
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Exceptional set estimates

dimy{e € 8971 : dimy Pe(X) < u}
— 3 9
< max{O, d—1+4 inf UdImFX}
6€(0,1] 0
We ask for continuity of the bound at v = dimp X, lete € (0,1),

dimy{e € 8471 : dimy Pe(X) < dimp X 4 £°}
: 2 _ Jim?
<d—14 inf dimp X 4 &* — dimp X
0e(0,1] 0
dimg X — dimp X
. .

<d—1+¢e—
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Exceptional set estimates

dimy{e € 8971 : dimy Pe(X) < u}
— dim?
< max{O, d—1+4 inf UdlmFX}
6€(0,1] 0
We ask for continuity of the bound at v = dimp X, lete € (0,1),
dimy{e € 8471 : dimy Pe(X) < dimp X + £°}

dimf; X — dimp X

. .

<d—1+4¢e—

dimg X—dimp X
€

liminf, g is the lower right semi-derivative of

dim% X at 6 = 0.
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Exceptional set estimates

We ask for continuity of the bound at v = dimp X, lete € (0,1),

dimy{e € 5971 : dimp Pe(X) < dimp X + €%}
dimg X — dimp X
- .

<d—1+¢e—

dimg X—dimp X
€

lim inf._,q is the lower right semi-derivative of

dim% X at 6 = 0.

Theorem (Fraser-dO, 2024+)

Let X be a Borel set in RY. If 9, dim§ X|g—o > d — 1, then the
function w > dimy{e € ST ! : dimy P.(X) < u} is continuous
at v = dimp X.
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Example (dimr X gives discontinuous bounds)

Fix s € (0,1] and t € (s/2,s). Let A be the set from the
‘pointwise sharp’ example and B with dimg B = dimy B = 1.
Then

- dimp(AUB) =t dimy(AU B) = s
- Ifu>t dimy{e € S' : dimy P.(AU B) < u} > 2t — s

Dimension of the exceptional set of AU B

2t—s D
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)

Example (dimp X gives discontinuous bounds

Fix s € (0,1] and t € (s/2,s). Let A be the set from the
‘pointwise sharp’ example and B with dimg B = dimy B = .

Then

- dimp(AUB) =t dimy(AU B) = s
- Ifu>t dimy{e € S' : dimy P.(AU B) < u} > 2t — s

Fourier spectrum of A and B

s
t

limf B
s/2 i

dimg A

0
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)

Example (dimp X gives discontinuous bounds

Fix s € (0,1] and t € (s/2,s). Let A be the set from the
‘pointwise sharp’ example and B with dimg B = dimy B = .

Then

- dimp(AUB) =t dimy(AU B) = s
- Ifu>t dimy{e € S' : dimy P.(AU B) < u} > 2t — s

Fourier spectrum of AU B

S
.|

s/2
dimg A

0
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Theorem (Fraser-dO, 2024+)

Let X be a Borel set in RY If 9, dim§ X|g—o > d — 1, then the
function u s dimp{e € S 1 : dimy P.(X) < u} is continuous
at u = dimp X.

df + dimp X,"
dimy X ) -
F o eees (dimy X — dimp X)0 + dimp X
dimp X ¢
U 4
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Theorem (Fraser-dO, 2024+)

Let X be a Borel set in RY If 9, dim§ X|g—o > d — 1, then the
function u s dimp{e € S 1 : dimy P.(X) < u} is continuous
at u = dimp X.

0 + dimp X7’
. + dimr X -7 (d—1)8 + dimp X
dimy X ’ % oo
o7 =777 (dimy X — dimp X)0 + dimp X
dimp X ¢
il ‘
1
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Theorem (Fraser-dO, 2024+)

Let X be a Borel set in R% If 0, dim§ X|g—o > d — 1, then the
function u > dimy{e € ST : dimy P.(X) < u} is continuous

at v = dimp X.

dimy X

dimp X ¢

0 + dimp X7 o
e {d—1)6 + dimp X

; =

0

Is 0 dim X]g—o
for some p > 07

Ana E. de Orellana

> 0 sufficient? Or perhaps 0 dimf, X|o—o > p
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Thank you!
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