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The Fourier restriction/extension problem

Let S be a compact Lebesgue null set supporting a measure p.
Let f € LP'(R?). When does f |g make sense?
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The Fourier restriction /extension problem

Let S be a compact Lebesgue null set supporting a measure p.
Let f € L?'(R%). When does f|g make sense?

Equivalently, find the optimal p > 2, and r € [1, o] such that

If el o ray S I Nl zr)-

holds for all f € L" ()
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The Fourier restriction /extension problem

Let S be a compact Lebesgue null set supporting a measure p.
Let f € L?'(R%). When does f|g make sense?

Equivalently, find the optimal p > 2, and r € [1, o] such that

If el o ray S I Nl zr)-

holds for all f € L" ()

- Posed by Stein in 1960s.
- Applications to PDEs.
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General measures

Mockenhaupt (2000), Mitsis (2002), and Bak-Seeger (2011):

Theorem (Stein—Tomas Theorem)

Let i be a non-zero, finite, compactly supported, Borel measure on R?
with

w(B(z,r)) Sr% VzeRYr>0;

sup |A(6)[*[¢) < oo.
£eRd

If

then ||f pll Lo@ay S NF Il 22w
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General measures

Mockenhaupt (2000), Mitsis (2002), and Bak-Seeger (2011):

Theorem (Stein—Tomas Theorem)
Let i be a non-zero, finite, compactly supported, Borel measure on R?
with

Dy(c0) =supqa: u(B(z,r)) Sr* VYzeRYr> 0};

{
{8 gs;ﬂ@m(s)ﬁaﬁ <oo}.

dimp @ = sup

If
4(d — Dy(00))

p>2+4 -
dimg p

then ||f pll Loey S IIf 122
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General measures

Theorem (Stein—Tomas Theorem)

Let ;. be a non-zero, finite, compactly supported, Borel measure on R¢
with

D, (00) = sup {a cw(B(z, 7)) <Y VzeRYr> 0};
dime o = sup { 5+ sup (&) *[€)° < oo}
£eRd
If

4(d = Du(0))
dimF 1%

p>2+4

then ||f pll Lo@ay S NF Il 22w

Can more information about the dimensionality of 1 give us a
better range for the restriction estimate to hold?
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The L? dimension is defined as

Du<2>=sup{a: [ 1= duto d#(y)<<>0};
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The L? dimension is defined as

Du<2>=sup{a: [ 1=l o) du<y><oo};

dimp p = sup {B : gsuﬂgi m(g)'?mﬁ < oo}.
€

Theorem (Carnovale-Fraser-dO, 2024+)

Let ;1 be a non-zero, finite, compactly supported, Borel measure on R¢. If

4(d = Du(2))

p>4+ :
dimp p

then ||f pull powey S 1IF 22y
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The L? dimension is defined as

Du<2>=sup{a: [ 1= duta) auty) <oo};

dimp p = sup {B : gsuﬂgi m(g)ﬁdﬁ < oo}.
€

Theorem (Carnovale-Fraser-dO, 2024+)

Let ;1 be a non-zero, finite, compactly supported, Borel measure on R¢. If

4(d = Du(2))

p>4+ :
dimp p

then ||f pull powey S 1IF 22y

‘ When is this range better than Stein—Tomas'?
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Theorem (Stein—Tomas Theorem)

4(d — Du(oo))

> 2
& + dimp p

= ||f pll ey S If 22w

Theorem (Carnovale-Fraser-dO, 2024+)

= [If pllzrray S I 11220

p>4+(d—'D())
F M

dim

When is )
D, (00) + B dimp p < D, (2)
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Multifractal measures

’ Multifractal measures distributed in a highly irregular way.

Natural middle third Cantor measure:

Multifractal middle third Cantor measure:
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Multifractal measures

‘ Multifractal measures distributed in a highly irregular way.

Natural middle third Cantor measure:

Multifractal middle third Cantor measure:
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Theorem (Stein—Tomas Theorem)

4(d — Dy(e0))

dlmF,u, = ||fﬂ||Lp(Rd) 5 “f”Lz(,u,)

p>2+

Theorem (Carnovale-Fraser-dO, 2024+ )

4(d = Du(2))

dimp p = Hf“”LP(le) S HfHL?(u)

p>4+
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Theorem (Stein—Tomas Theorem)

4(d — Dy(e0))

dlmF,u, = ||fﬂ||Lp(Rd) 5 “f”Lz(,u,)

p>2+

Theorem (Carnovale-Fraser-dO, 2024+ )

4(d = Du(2))

dimp p = Hf“”LP(le) S HfHL?(u)

p>4+

- What are D, (c0) and D, (2)?
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The L%-dimensions

For ¢ > 1.

D) =sup{as [ (([le— i due)"™" aut) < oo}
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The L%-dimensions

For g > 1.
D) =sup{as [ (([le— i due)"™" aut) < oo}
= sup {a : /Rd (/ O du(y))qdl‘ < 00}

= || * K atg-1a HLq(Rd)
q
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The L%-dimensions

For ¢ > 1.

D) =sup{as [ (([le— i due)"™" aut) < oo}
= sup {Oz : /Rd (/I:r— g du(y))qdﬂf < 00}

= ||p * K d+(g=1)a HLq(Rd)
q

The Li-dimensions give a quantitative analysis of
the global fluctuations of .
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The L%-dimensions

For g > 1.
D) =sup{as [ (([le— i due)"™" aut) < oo}
= sup {Oz : /Rd (/I:r— g du(y))qdﬂf < 00}

= ||p * K d+(g=1)a HLq(Rd)
q

The Li-dimensions give a quantitative analysis of
the global fluctuations of .

Widely studied since early 1990s.
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The L%-dimensions

For ¢ > 1.

D) =sup{as [ (([le— i due)"™" aut) < oo}
= sup {Oz : /Rd (/I:r— g du(y))qdﬂf < 00}

= ||p * K d+(g=1)a HLq(Rd)
q

The Li-dimensions give a quantitative analysis of
the global fluctuations of .

Widely studied since early 1990s.
D,,(0) = dimpspt 1; Jim D,(q) < dimg
q

< di . . _ '
D, (2) < dimy spt y; qlgglo D,(q) = Dy(o0)
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Restriction theorems for the L?-dimensions

Theorem (Carnovale-Fraser-dO, 2026+ )

Let 1 be a non-zero, finite, compactly supported, Borel measure on R%. If

29, 4(d—Du(9))
+ -
qg—1 dimp p

then ||f pll Lo@ey S NF llz2(u)-

p >
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Restriction theorems for the L?-dimensions

Theorem (Carnovale-Fraser-dO, 2026+ )

Let 1 be a non-zero, finite, compactly supported, Borel measure on R%. If

29, 4(d—Du(9))
+ -
qg—1 dimp p

then ||f pll Lo@ey S NF llz2(u)-

p >

4(d - D
< q—o00: p>2+ w Recovers Stein—Tomas.
dimg p
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Restriction theorems for the L?-dimensions

Theorem (Carnovale-Fraser-dO, 2026+ )

Let 1 be a non-zero, finite, compactly supported, Borel measure on R%. If

29, 4(d—Du(9))
+ -
qg—1 dimp p

then ||f pll Lo@ey S NF llz2(u)-

p >

4(d— D
< q—o00: p>2+ w Recovers Stein—Tomas.
dimg p
4(d — D, (2
cqg=2p>4+ M Recovers CFd024.
dimp
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Mandelbrot cascade measure

Divide the unit square into N equal squares and assign to each a
random weight given by W with E(W ) = 1. Then iterate.
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Mandelbrot cascade measure

Divide the unit square into N equal squares and assign to each a
random weight given by W with E(W ) = 1. Then iterate.

.
L]
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Mandelbrot cascade measure

Divide the unit square into N equal squares and assign to each a
random weight given by W with E(W ) = 1. Then iterate.

- In 2016 Heurteaux Calculated D, (q).
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Mandelbrot cascade measure

Divide the unit square into N equal squares and assign to each a
random weight given by W with E(W ) = 1. Then iterate.

- In 2016 Heurteaux Calculated D, (q).
- In 2024 Chen-Han-Qiu-Wang and Chen-Li-Suomala calculated
dimp .
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Mandelbrot cascade measure

2 | with probability 0.1
W = 1 | with probability 0.8
0 | with probability 0.1

- In 2016 Heurteaux Calculated D, (q).
- In 2024 Chen-Han-Qiu-Wang and Chen-Li-Suomala calculated
dimg p.
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Mandelbrot cascade measure

46+

44+

Stein—Tomas:
4(d — Du(o0))

=3.84
dimp p

p>2+
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Mandelbrot cascade measure

4.6

4.4

0 5 10 15 20 ¢
Stein—Tomas: CFdO26:
4(d—D 2 4(d—D
p>2q Hd=Du() 4, p> 20 Hd=Dul@) 444
dimp p qg—1 dimp p
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Merci!
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