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Motivation

Theorem (Marstrand projection theorem)

For any Borel set X C R? and almost all directions e € S~ 1,
dimyg Pe(X) = min{dimg X, 1}.
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Motivation

Theorem (Marstrand projection theorem)

For any Borel set X C R? and almost all directions e € S~ 1,
dimyg Pe(X) = min{dimg X, 1}.

Almost all means that

L7 ({ee 8471 : dimy Po(X) < min{dimy X,1}}) = 0.
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Motivation

Theorem (Marstrand projection theorem)

For any Borel set X C R? and almost all directions e € S~ 1,
dimyg Pe(X) = min{dimg X, 1}.

Almost all means that
L7 ({ee 8471 : dimy Po(X) < min{dimy X,1}}) = 0.
We want to study for u € [0, min{dimgy X, 1}],

dimp{e € §47! : dimp Po(X) < u}.
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A few bounds

Set X C R?, dimpg X < 1 and let u € [0, dimy X].
The first bound by Kauffman '68:
dimg{e € S : dimg P.(X) < u} < u,

which is sharp when u = dimy X.
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A few bounds

Set X C R?, dimpg X < 1 and let u € [0, dimy X].
The first bound by Kauffman '68:

dimg{e € S : dimg P.(X) < u} < u,
which is sharp when © = dimy X.

Bourgain 10 and Oberlin '12 proved that
dimg{e € §' : dimy P.(X) < dimg X/2} = 0.
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A few bounds

Set X C R?, dimpg X < 1 and let u € [0, dimy X].
The first bound by Kauffman '68:

dimg{e € S : dimg P.(X) < u} < u,
which is sharp when © = dimy X.

Bourgain 10 and Oberlin '12 proved that
dimg{e € §' : dimy P.(X) < dimg X/2} = 0.

dimyg X .

dimg X/2 dimp X
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A few bounds

Set X C R?, dimpg X < 1 and let u € [0, dimy X].
The first bound by Kauffman '68:

dimg{e € S : dimg P.(X) < u} < u,
which is sharp when © = dimy X.

Bourgain 10 and Oberlin '12 proved that
dimg{e € §' : dimy P.(X) < dimg X/2} = 0.
dimyg X

»

min{0, 2u — dimy X}
Conjectured by Oberlin
Proved by Ren—Wang '23

dimg X/2 dimp X
u
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The Fourier dimension
Given X C R¢,

dimp X = sup {s € [0, d] : Ty finite on X with sup ’ﬁ(z)}2|z|s < oo}

We always have dimp X < dimy X,
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The Fourier dimension
Given X C R¢,

dimp X = sup {s € [0, d] : Ty finite on X with sup ’ﬁ(z)}2|z|s < oo}

We always have dimp X < dimy X, and for all e € $4°1,

dimp P(X) > min{1, dimp X}
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The Fourier dimension
Given X C R¢,

dimp X = sup {s € [0, d] : Ty finite on X with sup ’ﬁ(z)}2|z|s < o0}

We always have dimp X < dimy X, and for all e € $4°1,

dimp P.(X) > min{1, dimp X}

So if dimyg X < 1, then

dimp X g dll’nF Pe(X) < dlmH pe()() < lelH X

Ana E. de Orellana Projections - Fourier spectrum University of St Andrews



The Fourier dimension
Given X C R¢,
dimp X = sup {s € [0, d] : Ty finite on X with sup ’ﬁ(z)}2|z|s < o0}
V4
We always have dimp X < dimy X, and for all e € $4°1,

dimp P.(X) > min{1, dimp X}

So if dimyg X < 1, then
dimp X g dll’nF Pe(X) < dlmH pe()() < lelH X

and if dimp X = dimyg X, there are no exceptions.
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The Fourier dimension
Given X C R¢,

dimp X = sup {s € [0, d] : Ty finite on X with sup ’ﬁ(z)}2|z|s < o0}

We always have dimp X < dimy X, and for all e € $4°1,

dimp P.(X) > min{1, dimp X}

So if dimyg X < 1, then
dimp X g dll’nF Pe(X) < dlmH pe()() < lelH X

and if dimp X = dimyg X, there are no exceptions.
More generally, if u < dimp X,

{ee 871 dimy P (X) < u} = .
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The Fourier dimension

dimyy X

dimH X / 2 dimH X

u
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The Fourier dimension

dimyy X
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The Fourier dimension

dimH X
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0 °
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The Fourier dimension

dimH X

%)
0 °

dimyg X/2 dimp X dimg X
u

Can we use Fourier decay to get better estimates?
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The Fourier spectrum

Given X C R% and 0 € (0, 1]

dim% X = sup {s € [0, d] : 3p finite on X with / }ﬁ(z)‘%\zﬁ*d dz < oo}.
R4
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The Fourier spectrum
Given X C R% and 0 € [0, 1]

dim% X = Fourier decay of measures on X (in a weighted L sense).
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The Fourier spectrum
Given X C R% and 0 € [0, 1]
dim% X = Fourier decay of measures on X (in a weighted L sense).

Some facts about the Fourier spectrum:
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The Fourier spectrum
Given X C R% and 0 € [0, 1]
dim% X = Fourier decay of measures on X (in a weighted L sense).

Some facts about the Fourier spectrum:

. 0 — dim$ X is continuous and non-decreasing.
. For each 0 € [0,1], dimp X < dim$ X < dimg X.
. dim% X = dimp X and dim} X = dimg X.
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- For almost all ¢ € %!, dim% P.(X) > min{1,dim% X}.
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The Fourier spectrum
Given X C R% and 0 € [0, 1]
dim% X = Fourier decay of measures on X (in a weighted L sense).

Some facts about the Fourier spectrum:
. 0 — dim$ X is continuous and non-decreasing.
. For each 6 € [0, 1], dimp X < dim% X < dimy X.
. dim% X = dimp X and dim} X = dimg X.
- For almost all ¢ € %!, dim% P.(X) > min{1,dim% X}.
- For all e € §*1, dim% P.(X) > min{1,dim% X — (d — 1)8}.

Ana E. de Orellana Projections - Fourier spectrum University of St Andrews



The Fourier spectrum
Given X C R% and 0 € [0, 1]
dim% X = Fourier decay of measures on X (in a weighted L? sense).

Some facts about the Fourier spectrum:

. 0 — dim$ X is continuous and non-decreasing.

- For each 6 € [0,1], dimp X < dim% X < dimy X.

. dim% X = dimp X and dim} X = dimg X.

- For almost all ¢ € %!, dim% P.(X) > min{1,dim% X}.

- For all e € §*1, dim% P.(X) > min{1,dim% X — (d — 1)8}.

Theorem (Fraser—dO, 2024+)

Let X C R? be a Borel set. If u < SUPge[o1] (dim% X — (d — 1)8), then

{e: 5% dimy P(X) < u} = @.
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Exceptional set estimates

Let X C RY, for u € [0, min{dimy X, 1}],

dimp{e € §%1 : dimy P.(X) < u}
2u — dimyg X, ifd=2, (Ren-Wang '23);
<{d—2+u, if dimpy X <1, (Mattila '15);
d—1—dimg X+ u, ifdimgX >1, (Peres—Schlag '00).
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Exceptional set estimates

Let X C RY, for u € [0, min{dimy X, 1}],

dimp{e € $471 : dimpy Po(X) < u}
2u — dimyg X, ifd=2, (Ren-Wang '23);
<qd—2+u, if dimpg X <1, (Mattila '15);
d—1—dimg X+ u, ifdimgX >1, (Peres—Schlag '00).

Theorem (Fraser—dO, 2024+)

Let X C R? be a Borel set. Then for all u € [0,1],

<0
— X
dimp{e € $471 : dimp Po(X) < u} < max {O, d—1+0 i%fl] %}
€(0,
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Better estimates - R?2

If X C R?
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We can improve Ren—Wang's bounds if dim% X intersects the shaded
region.
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Better estimates - Higher dimensions

If X C RY with d >3

lp---mmmmmmm oo > dlmHXT o
dimyg X ‘e R T
i 1+ p
/// ///

ur ur

0 0
1 1

0 0

We can improve Mattila's or Peres—Schlag’s bounds if dim% X intersects
the shaded region.
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An example on R?

Let E,, Ez and E, be three middle (1 — 2a), (1 —2f3) and (1 —2v)
Cantor sets, respectively. Define X = E, x Eg x E,.

a=1/58=1/10, v =1/15 a=1/3,8=1/4,y=1/5

2 2

1 1
—— Peres—Schlag —— Peres—Schlag
——  Mattila ——  Mattila
—— Fraser—-dO —— Fraser-dO

0

dimy X 0 1
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K6szonom!
(Thank you!)
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